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From high to low dimensional models

Consider a spatiotemporal system wu(x,t), parameterized by «. Different
choices of a produce different patterns.
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From high to low dimensional models

Consider a spatiotemporal system, parameterized by «. Different choices
of « produce different patterns.

Can we construct underlying low-dimensional models that capture «-
dependence?
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From high to low dimensional models

Mathematically, we would like to find ®, g such that

@ = f(u;a), (Original dynamics)
2=g(2;8), (Low dim. model)
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State of the art for data-driven methods
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State of the art
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Our approach

Key idea: Use normal forms as reduced order models.
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Coupled autoencoders for learning normal form coordinates

® Separate autoencoders for
state and parameter.

® | atent space constrained by
normal form.

® Existence of non-unique,
feasible solutions guaranteed

by center manifold theorems.

® (u,a) — (z,0) interpretable
as center manifold
restriction.

® Trained with simulations
u(t) for different a.
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Loss function terms

® Simplify!!
o AE loss: o
lu — rprul)? + [l = vopaar|)3 o1 || ¥
z(t)
ult.c) z = g(z, B) @, 8)
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Loss function terms

® Simplify!!
® AE loss:

[u = Prprull3 + [l — Y2203
e Consistency loss terms:

® [[(Vupr)i — g(pru, paar)|
® i — (Vaih2)g(pru, paa) |
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Loss function terms

® Simplify!!
e AFE loss: o
llu — rorull3 + la — apaar3 | “
e Consistency loss terms: ®
. z
* [(Vupr)i = glpru, pao)llf  ocpereesormeeeens b
o fla— (Vatn)glpru,p20)l3 & uh) 224=0, )
e QOrientation loss terms: L (N"m‘f“ f‘"“f)j
® |Isgn(p2a) — afly o 8 N
® Jle1(0)[lx (0+0) ° 2 o o o

® |[Eull (Hopf)
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Results: Hopf bifurcations in 1D spatio temporal systems

Neural Field Lorenz96
L d Learned
dyeiiglrrlﬁcs Data dynamics
2L+ [a =052
3=-005 t

B=1.04

Normal form Activation: tanh
simulations o1 R!28 5 R2, widths= [64,32) Training dataset generated
Learngd from 1000 simulations
dynamics 2 : R = R, widths= [16,16]
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Treating higher dimensional

¢ Fully connected MLP neural
networks present curse of
dimensionality

® POD reduces dimension —
computationally cheap

® Discover parameterization in low
dimensional space \(t)

® Reconstruction using 4 modes
reconstructs vortices
successfully!

problems: Navier Stokes
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Outlook

® |mplemented a reduced order modeling framework for
parameter-varying data.

® | ow-dimensional parameter-dependent models — normal forms.

® High to low dimension: learn the restriction to a center manifold with
neural networks.

® The restriction exists theoretically!

® Future work: global bifurcations, use normal forms as building blocks
for model discovery.
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